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PROPOSITION 2 (Hierarchical decomposition in the convex case). Ler W C R" open and
convex. Let fi W — R, i=1,....m, m < n, be smooth and convex functions. Then
the Pareto set is a curved m — 1 simplex, i.e., is diffeomorphic to an m — 1 dimensional

e, | et EREE) (L — NEEA(EM- LT B HMA) EIAR

the vertice.. _, ... _..

taken separately. Every k — 1 facet of the curved simplex corresponds to the Pareto optimal
set of the MO problem defined by a subset of k functions in {fi,..., fm}-
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Fig. 1 Upper panel Singular set X (gray, orange and red curves), critical set 6 (orange and red) and stable
critical set 85 (red) for the function in example 1. Lower panel Image of the function f with the images of the
relevant sets 2, € and 6y highlighted. (Color figure online)

[Lovison 2013]
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a nonprimary commodity, expressing that circumstance. The following

statement is strongly suggested by our discussion and is believed to be
valid.

ASSERTION 4.14: Whenever the technology matriz A salisfying Postulate

B of Section 3 resiricts one commodity, “1” say, fo nonnegative net outpuls
but permiis positive outpuls of i,

(4.52) y = Az, 2z 2 0 implies ¥; = 0 and permits 3, > 0,

the efficient poini sel with the origin y = 0 deleted is condractible within
stself o a point. [F AR (L —NIOY NG (EFESET) LRCHRDENS
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[Smale 1973]

PROPOSITION Suppose u: W — R™ satisfies the rank assumption, jet
transversality, and transversality condition 4,. Then (if not empty!)
the critical Pareto set 0 is an (m — 1)-dimensional manifold with corners
in_the sense of Cerf (thesis) or stratified set in the sense of Thom [7].
Thus 0 has the structure of an (m — 1)-dimensional manifold 6; together
with its boundary 90 = 0 — 0;. The boundary is a union of submanifolds

of dimension <m — 1. ] _ -
N —MERRESTATEM-1RTEERIR,
SWMEZNE, BEDIIESERS.
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Chapter 6

Structure of Optimal
Solution Sets
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In mathematical programming if an optimization problem has an optimal
solution, then the optimal value of the problem is a unique point in the field of
real numbers. Due to this fact, the set of optimal solutions has rather simple
structure whenever the data of the problem are convex or linear. For instance, the
optimal solution set of a linear problem is a polyhedron, the optimal solution set
of a convex problem is convex if of course it is nonempty. Such a nice structure of
solution sets is no longer true for vector problems. However, some properties which
are important in application such as closedness, connectedness or contractibili
of these sets are still in hand if the clmmﬁtzr
is devoted to the study of the properties mentioned above of efficient point sets
for linear, convex and quasiconvex vector problems.

o0
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of Vector
Optimization
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PROPOSITION 2 (Hierarchical decomposition in the convex case). Let W C R" open and

convex. Let fi W — R i=1,..., m, m < n, be smooth and convex functions. Then
the Pareto set is a curved m — 1 51mplex i.e., is diffeomorphic to an m — 1 dimensional

sples, - T ERIEAD) (L — MESES M- DR B AR

the vertice.. _, ... ..

taken separately. Every k — 1 facet of the curved simplex corresponds to the Pareto optimal
set of the MO problem defined by a subset of k functions in {f1,..., fm}-

%@k' 1/ TEE(II(E E’\]gﬁﬁﬁﬁh@}\b— Fﬁq:%ﬁ ic the Pareto set is

exactly an m — 1 simplex, tL.e., the facets are flat.

Cerepr vy s e Coien vy wren wpevurseee

Hierarchical decomposition in the convex case. This proposition is presented and discussed
graphically in [34]. An alternative proof follows straightforwardly from the characteriza-

tion of the Pareto set in terms of first and second order derivatives by Smale |36| (see also
[19, 20, 37, 41, 42)). ]
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THEOREM 31. Let u > min(n,m)+2. Then the set of local Pareto optima for a sufficently
regular function f: W — R"™ admits a Whitney stratification.

PROPOSITION 32. Let u > min(n.m)+ 2. The set of sufficiently regular functions is resid-
ual in CH (M ,R™) i.e., is a countable intersection of dense sets in the Whitney C* topology.
Furthermore, being C* (W.R™) endowed with the Whitney C* topology a Baire space, any
residual set is also dense.

Therefore, for a dense class of smooth functions in any reasonable topology. the Pareto
set 1s a Whitney stratified set. This justifies the fact that one can expect that typically
the Pareto set is composed by branches of m — I dimensional manifolds with boundaries
and corners, and if this 1s not the case, an arbitrarily small perturbation of the objective
functions will bring back the situation to the expected case.

NU—MEESFHBBI(C(E, Whitney!BEDEIESERD.
ZOROTVRWEEIICE, BNEZZNDI NIABBIINIEZEITES.

Moreover. the stratification of the Pareto set can be described by polynomial inequal-
ities, derivable from necessary and sufficient algebraic conditions for Pareto optimality.
Hence it 1s important to find a more workable expression of Kuo—conditions. In the Ap-
pendix we propose a reformulation to approach the polynomial conditions for v-sufficiency
in a more practical way.

NL—MEESDBREDEIZIEAFNTERES.
ZOINL — MRE DR BN E+DRENSESND.
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